Abstract. We derive recurrences for counting the number a(n, r) of n-sequences with Lempel-Ziv complexity r, which has important applications, for instance testing randomness. We used these recurrences to employ computer techniques to calculate this value for relatively small n. We give a(n, r) for small values of n.
Introduction
There are several complexity measures to test the randomness of a sequence.
Linear complexity, for example, is one of these measures. Lempel-Ziv complexity of a sequence was defined by Lempel and Ziv in 1976 [1] . This measure counts the number of different patterns in a sequence, starting from short patterns to the longer ones. For instance Lempel-Ziv complexity of s = 101001010010111110 is 8, because different patterns observed in s are 1|0|10|01|010|0101|11|110.
Lempel-Ziv complexity is an important measure used in cryptography. For instance, it is used to test the randomness of the output of a symmetric cipher [2] .
We expect a 'random' sequence of length n has a close Lempel-Ziv complexity to the expected value of Lempel-Ziv complexity of a sequence of length n. However, the expected value of Lempel-Ziv complexity for arbitrary n is unknown. For limiting behaviour of this value, reader is referred to Jacquet and Szpankowski [3] .
Obviously some sequences end with a pattern that was observed before (one simplest example is: s = 0|0), which we call open; and remaining sequences (i.e., that end without same pattern appearing twice) are called closed.
In this paper we derive a recurrence for a(n, r), the number of sequences of length n with Lempel-Ziv complexity r; and a recurrence for c(n, r), the number of closed sequences of length n with Lempel-Ziv complexity r. By using these recurrences and with the help of a computer, we compute a(n, r) for as large n as possible.
The recurrences
Let A(n, r) denote the set of binary strings of length n with Lempel-Ziv complexity r. For any s = s 1 · · · s n ∈ A(n, r) and s n+1 ∈ {0, 1}, it is evident that ss n+1 ∈ A(n + 1, r) ∪ A(n + 1, r + 1). In fact s0 ∈ A(n + 1, r) ⇐⇒ s1 ∈ A(n + 1, r). We define
One has
where a(n, r) = |A(n, r)| and c(n, r) = |C(n, r)|.
We define the mapping δ
n−r,r−1 ), and C * (n, r) = C 0 (n, r)∪C 1 (n, r). It follows that c * (n, r) = c 0 (n, r)+c 1 (n, r) = 2c(n−r, r −1), where c * (n, r) = |C * (n, r)|, c 0 (n, r) = |C 0 (n, r)|, and c 1 (n, r) = |C 1 (n, r)|.
For any pair (p, q) of positive integers, we consider the subset Ξ p,q of the symmetric group S p+q given by:
Given a, b, p and q, the number of all possible triples (π, α, β) with
We can give upper and lower bounds for r, since not all r are possible given any n.
Indeed, observing s = 0|00|000| · · · has minimum complexity, and
has maximum complexity among all n-sequences, we limit r by:
Computing a(n, r) for large n
We implemented the algorithms implied by the recurrences (1) and (2) using a computer. (1) implies computing c(n, r) for all n, and knowing a(1, 1) = 2, is enough to compute a(n, r) for any n ≥ 2. Therefore we use (2) to compute c(n, r), the result of which is used by another algorithm to compute a(n, r). However, since the recurrence (2) includes binomial coefficients, it is inefficient to compute larger values (e.g., computing a(2000, r) for all r takes two hours on a standard PC with our implementation).
Tables in Appendix A display the results for n = 100 and n = 110. Note that without using the recurrences (1) and (2), time complexity to find these results is (n2 n−1 ), impractical for today's computers for n = 100 or n = 110.
Expected values E P n of number of patterns of an n-sequence for n = 100 and n = 110 are E P 100 = 29.043188858968868 and E P 110 = 31.172307050219853.
Conclusion and future work
We give two recurrences for the number of n-sequences with Lempel-Ziv complexity r. We also give the output of the computer programs that we run to calculate a(n, r) for relatively small values.
The recurrence (2) is quite hard to simplify, but can be used to improve the limiting behaviour of the expected value of a(n, r). Furthermore several techniques can be applied to minimize the computer work to compute binomial coefficients in the recurrence (2). 
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